Abstract. By a work of Thurston, it is known that if a hyperbolic fibred 3-manifold M has Betti number greater than 1, then M admits infinitely many distinct fibrations. For any fibration ω on a hyperbolic 3-manifold M , the number of fibrations on M that are commensurable in the sense of CalegariSun-Wang to ω is known to be finite. In this paper, we prove that the number can be arbitrarily large.
Introduction
For a given fibration on a 3-manifold, there is an associated pair (F, φ) of the fibre surface F and the monodromy φ : F → F . Conversely, for any pair (F, φ) of a surface F and an automorphism φ on F , we can construct an associated 3-manifold by taking the mapping torus. Here, by an automorphism, we mean an isotopy class of self-homeomorphisms. Calegari-Sun-Wang defined commensurability on pairs of type (F, φ).
Definition 1.1 ([1])
. A pair ( F , φ) covers (F, φ) if there is a finite cover π : F → F and representative homeomorphismsf of φ and f of φ so that π f = f π as maps F → F .
Definition 1.2 ([1]
). Two pairs (F 1 , φ 1 ) and (F 2 , φ 2 ) are commensurable if there is a surface F , automorphisms φ 1 and φ 2 , and nonzero integers k 1 and k 2 , so that
as automorphisms of F .
Each commensurability class endows a partial order by the covering relation. In [1] (closed case) and [6] (cusped case), it has been proved that in hyperbolic case, i.e. the case where monodromies are pseudo-Anosov, there is a unique minimal (orbifold) pair in each commensurability class. We consider fibrations on a connected orientable hyperbolic 3-manifolds of finite volume M . Two fibrations on M are said to be symmetric if there exists a self-homeomorphism of M that maps one to the other. If there are two non-symmetric but commensurable fibrations on M , then there are two distinct ways to cover the orbifold O associated to the minimal pair in the commensurability class. Such coverings correspond to subgroups of the orbifold fundamental group of O with the same index. Since the number of subgroups of a given index in a finitely generated group is finite, we see that on M , the number of fibrations that are commensurable to a fibration is always finite, see [1, Corollary 3.2] . Then it is natural to investigate how many commensurable fibrations can exist on M . In [6] , we observed if M dose not have hidden symmetries, then M has no non-symmetric but commensurable fibrations. We further showed 2000 Mathematics Subject Classification. Primary 57M25. Secondary 57N10.
that there are 3-manifolds with hidden symmetries that have no non-symmetric but commensurable fibrations. On the other hand, we also constructed manifolds that have two non-symmetric but commensurable fibrations. In this paper we prove that the number of commensurable fibrations can be arbitrarily large. Theorem 1.3. For any n ∈ N, there exists a hyperbolic 3-manifolds with at least n mutually non-symmetric but commensurable fibrations.
Proof of Theorem 1.3
In this section, we prove Theorem 1.3. We first prepare several lemmas. Recall that for a given fibration on a 3-manifold M , there is an associated element ω ∈ H 1 (M ; Z) where for a loop γ ⊂ M , ω(γ) is equal to the intersection number of γ and a chosen fibre surface in M .
Lemma 2.1. For a given finite group G, there is a hyperbolic rational homology 3-sphere M and a hyperbolic fibred link L ⊂ M such that G acts freely on M , and further G acts on the components of L freely and transitively i.e. the components of L admit labels by elements of G satisfying
Remark 2.2. Since M is a rational homology 3-sphere, the set of meridians {m g } g∈G is a basis of the free part of H 1 (M \ L; Z). By this basis, we can uniquely determine the dual (m g )
The key ingredients of the proof of Lemma 2.1 are following three theorems. The first theorem is due to Harer. The second theorem is due to Soma.
Theorem 2.5 ([7]
, Theorem 1.). Let M be a smooth, closed orientable, irreducible 3-manifold. Then every fibred knot in M is homotopic to a hyperbolic fibred knot. Remark 2.6. In [7] , Soma has proved more strongly that every fibred knot in M is fibre-concordant to a hyperbolic knot. However to prove Lemma 2.1, we do not need this fact.
Finally we will also refer to a theorem by Cooper-Long.
Theorem 2.7 ([2]
, Theorem 2.6.). Let G be a finite group. Then there is a hyperbolic rational homology 3-sphere on which G acts freely.
Proof of Lemma 2.1. By Theorem 2.7, there is a hyperbolic rational homology 3-sphere M on which G acts freely. We consider the quotient N := M/G. Let p : M → N denote the projection map. The map p can also be regarded as a covering map associated to a surjection ρ :
Since G is a finite group, by taking power of [K ′ ] if necessary, we see that there is a fibred knot K ⊂ N such that ρ([K]) = 1 G , where 1 G is the unit element of G. Furthermore, by Theorem 2.5, we may assume that K is a hyperbolic fibred knot in N . By appealing to standard facts of covering spaces, we see that L := p −1 (K) ⊂ M has exactly |G| components and admits labelling on its components that satisfies (2.1). Note that since M is a rational homology 3-sphere, the quotient N also satisfies H 1 (N ; Q) = 0. By Remark 2.4, the dual m * ∈ H 1 (N \ K; Z) of the meridian m of K corresponds to the fibration. By construction, each component of p −1 (m) is the meridian of some L g and their sum in the first cohomology g∈G (m g ) * ∈ H 1 (M ) corresponds to the fibration which is the lift of the fibration associated to m * on N \ K.
The following lemma follows from standard facts of covering spaces and fibrations. Note that for a given fibration on M with fibre F , there is an associated exact sequence
Lemma 2.8. Let G be a finite group and M a fibred 3-manifold with fibre surface F . Further, let p : M ′ → M be a covering corresponding to a surjection ρ :
components and each component is a degree |ρ(ι(π 1 (F )))| covering of F .
The following lemma follows from the theory of fibred cones due to Thurston [8] .
Lemma 2.9. Let M be a hyperbolic 3-manifold of the first Betti number > 1. Suppose ω ∈ H 1 (M ; Z) corresponds to a fibration on M . Then for any ω ′ ∈ H 1 (M ; Z), there exists N ∈ N such that for any n > N , nω + ω ′ corresponds to a fibration on M .
Proof. Thurston introduced a semi-norm, so called the Thurston norm, on H 1 (M ; R). In [8] , Thurston proved that the unit ball of the Thurston norm is a compact convex polygon. Furthermore, Thurston showed the following. Let C ∆ be a cone over a top dimensional face ∆ of the unit ball. Then if an integral element (i.e. an element on H 1 (M : Z) ⊂ H 1 (M ; R)) of the interior of C ∆ corresponds to a fibration on M , then every integral element in the interior of C ∆ corresponds to a fibration (see [8] , or [5] for details). Such a cone is called a fibered cone. Since the sequence of lines that connects the origin and nω + ω ′ converges to the line that connects the origin and ω as n goes to infinity, we see that for large enough n, nω + ω ′ is in the interior of the same cone as ω. Thus we see that nω + ω ′ corresponds to a fibration.
Proof of Theorem 1.3. We first apply Lemma 2.1 to G = Z/kZ. We use the notations in Lemma 2. where mod k : Z → {1, 2, ..., k} denote the quotient modulo k, here we assign k instead of 0 to integers divisible by k. Then by Lemma 2.9, we see that for large enough l, η := lω + ω ′ corresponds to a fibration on M \ L. Let F η be the fibre surface of the fibration associated to η. Then by appealing to the fibration structure, we have an exact sequence
